Abstract. Let ∆(G), ∆ for short, be the maximum degree of a graph G. In this paper, trees (resp., unicyclic graphs and bicyclic graphs), which attain the first and the second largest spectral radius with respect to the adjacency matrix in the class of trees (resp., unicyclic graphs and bicyclic graphs) with n vertices and the maximum degree ∆, where ∆ ≥ n+1 2 (resp., ∆ ≥ n 2 +1 and ∆ ≥ n+3 2 ) are determined. Moreover, it is shown that the spectral radius of a unicyclic graph U (resp., a bicyclic graph B) on n vertices strictly increases with its maximum degree when ∆(U ) ≥ 2 + √ 6n + 28 2 ).
In 1981, Cvetković [3] indicated 12 directions in further investigations of graph spectra, one of which is classifying and ordering graphs. Hence, ordering graphs with various properties by their spectra, becomes an attractive topic (see [5, 8, 9, 10] ). In this line, Lin and Guo [5] had proved that: ≤ ∆ ≤ n − 3 and T ∈ T ∆ n \ {H 1 (n, ∆), H 2 (n, ∆)} (see Fig 2. 1), then ρ(T ) < ρ(H 2 (n, ∆)) < ρ(H 1 (n, ∆)). Theorem 1.5. Let ∆ and n be two fixed positive integers.
(ii) For any two unicyclic graphs U and U ′ on n vertices, if ∆(U ) ≥
Theorem 1.6. Let ∆ and n be two fixed positive integers.
(ii) For any two bicyclic graphs B and B ′ on n vertices, if
If n ≥ 30, then
Moreover, it is easily checked that 2. The proof of Theorem 1.4. Let G−u (resp., G−uv) be the graph obtained from G by deleting the vertex u ∈ V (G) (respectively, the edge uv ∈ E(G)). Similarly, denote by G + uv the graph obtained from G by adding an edge uv ∈ E(G). 
Lemma 2.4. Let G be a graph with the largest spectral radius in Γ(π), where
Proof. Suppose to the contrary, there exist
Denote by S(n, c; ∆) the set of connected c-cyclic graphs on n vertices with the maximum degree ∆.
. If d(u) = ∆, then u is the unique vertex with degree ∆.
Let T(n, ∆, d) be the set of trees on n vertices with the maximum degree ∆ and the second maximum degree d.
Proof. Let T 1 be a tree with the largest spectral radius in T(n, ∆, d). Then, T 1 also has the largest spectral radius in Γ(π), where π = π(T 1 ). Since ∆ − d ≥ 2, there exists a unique vertex, say u, such that d(u) = ∆. Let f be the Perron vector of T 1 . Let v be a vertex of T 1 such that f (v) = max{f (w) : d(w) = d}. There are two cases to be considered. Case 1. uv ∈ E(T 1 ).
Let P uv be the shortest path of T 1 from u to v, and let x be the vertex in P uv Case 2. uv ∈ E(T 1 ).
. So there exists a vertex z, different from u, v and not adjacent to v, which is adjacent to x where x ∈ N (u) ∪ N (v). By Lemma 2.4 and the choice of v, we have In both cases we obtain at least one cycle.
In the following, let H 1 (n, ∆), H 2 (n, ∆), I 1 (n, ∆) and I 2 (n, ∆) be the trees with n vertices and the maximum degree ∆ ≥ n+1 2 as shown in Fig. 2.1 .
Proof of Theorem 1.4. It is easily checked that H 1 (n, ∆) is the unique tree in
There are two cases to be considered.
Note that T ∼ = H 2 (n, ∆). Then, T is isomorphic with I 1 (n, ∆) or I 2 (n, ∆). Let u, v, w be the vertices of I 2 (n, ∆) as shown in Fig. 2 
′ is a proper subgraph of I 1 (n, ∆). Thus, ρ(T ′ ) < ρ(I 1 (n, ∆)), and hence, ρ(I 2 (n, ∆)) < ρ(I 1 (n, ∆)). 
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Now we shall prove that ρ(I 1 (n, ∆)) < ρ (H 2 (n, ∆) ). Assume to the contrary that ρ(H 2 (n, ∆)) ≤ ρ (I 1 (n, ∆) ). Then, I 1 (n, ∆) has the largest spectral radius in T(n, ∆, n −∆−1) because I 1 (n, ∆), I 2 (n, ∆) and H 2 (n, ∆) are precisely all the trees in T(n, ∆, n −∆ − 1). Then, I 1 (n, ∆) also has the largest spectral radius in Γ(a). Since ∆ ≥ n+1 2 , by Lemma 2.6 there exists a unique vertex in I 1 (n, ∆), say u, such that d(u) = ∆. Let f be the Perron vector of I 1 (n, ∆), and u, x, y, z be the vertices of I 1 (n, ∆) as shown in Fig. 2.1 
It is a contradiction to the hypothesis. Thus, ρ(I 1 (n, ∆)) < ρ(H 2 (n, ∆)).
Note that ∆ − d 2 ≥ ∆ − (n − ∆ − 2) = 2∆ + 2 − n > 2. By Lemma 2.7 and the proof of Case 1, it easily follows that ρ(T ) < ρ(H 2 (n, ∆)).
Combining the above arguments, we complete the proof. Let F 1 (n, ∆), F 2 (n, ∆), and J 1 (n, ∆) be the unicyclic graphs with n vertices and the maximum degree ∆ ≥ n 2 + 1 as shown in Fig. 3.1 . Let U(n, ∆, d) be the set of unicyclic graphs on n vertices with the maximum degree ∆ and the second maximum degree d. Let C n be the cycle of order n. 
The unicyclic graphs F 1 (n, ∆), F 2 (n, ∆), and J 1 (n, ∆).
Proof. Let U 1 be a unicyclic graph with the largest spectral radius in U(n, ∆, d). If d(x) = 2, since d ≤ n−∆, Lemma 3.1 implies that there exist vertices y ∈ N (u) (y ∈ {u, v, x}) and w (w ∈ {u, v, x, y}) such that w ∈ N (y). Then, w ∈ N (v). It can be proved similarly with the case of d(x) ≥ 3. Proof of Theorem 1.5 (i). Let (a) = (∆, n − ∆, 3, 1, 1, . . . , 1). It is easily checked that F 2 (n, ∆) is the unique unicyclic graph in Γ(a), and F 1 (n, ∆) is the unique unicyclic graph in U(n, ∆, n−∆+1). Since d 2 (F 2 (n, ∆)) < d 2 (F 1 (n, ∆)) and ∆−(n−∆) = 2∆ − n ≥ 2, we have ρ(F 2 (n, ∆)) < ρ(F 1 (n, ∆)) by Lemma 3.2. Suppose that the degree sequence of U is ( − ∆, 2, 2, 1, . . . , 1) . Thus, ρ(U ) ≤ ρ(J 1 (n, ∆)) by Lemma 3.1. Let f be the Perron vector of J 1 (n, ∆). Let v, x, y, z be the vertices of J 1 (n, ∆) as shown in Fig. 3.1 .
Thus, we can conclude that ρ(U ) ≤ ρ(J 1 (n, ∆)) < ρ(F 2 (n, ∆)).
By Lemma 3.2 and the proof of Case 1, the result follows.
Proof. By an elementary computation, we have
where f 1 (x) = x 4 − nx 2 − 2x + (n − ∆ + 1)∆ − n − 1. Thus, ρ(F 1 (n, ∆)) is equal to the maximum root of f 1 (x) = 0. When x ≥ √ ∆ + 1 > Therefore, ρ(F 1 (n, ∆)) ≤ √ ∆ + 1.
Proof of Theorem 1.5 (ii). In the proof of this result, we write ∆(U ′ ) and ∆(U ) as ∆ ′ and ∆, respectively. Set a = ⌈ 
